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In this note we prove a theorem relating the characters of a finite group 
with those of a normal subgroup of odd index. As an application we use 
this result to discuss characters of finite groups which are rational or p- 
rational for all primes but one. R. Gow [ 1 ] has proved that if G is a finite 
solvable group and x E Irr(G) is real and of odd degree, then x is rational. 
It follows that every solvable group of even order has a non-trivial 
irreducible rational character of odd degree. Dr. Gow has proposed that 
the same is true of all groups of even order. We show that this is true if it is 
true for all simple groups. An examination of the known simple groups 
confirms this conjecture, although an independent proof is clearly desirable. 
We follow the notation used in [2], in particular Q, denotes Q(e”“‘“), 
the nth cyclotomic field. Our main theorem is this. 
THEOREM. Let G be a group of order g. Let Ha G, [G : H] = m, m being 
odd. Let t E Gal(Q,/Q) be such that q’ = 4, for all q E Q,. Let $ E Irr(H) be 
fixed by z. There exists a unique irreducible constituent of $G, x, such that x 
is fixed by z. Further, Q(x) s Q(qG). 
ProofI We may write [G : H] as follows: 
The sum runs over the irreducible constituents x of $“. Since $ is fixed by 
r, [+“, x] = [tiG, ~‘1, for each x~Irr(G). Since [G : H] is odd and each 
I( l)/+( 1) is an integer, x = x7, for some x. We now show that x is unique. 
Let 4 be another irreducible constituent of lCIG which is fixed by z. [xN, $1 
and [dH, $1 are non-zero. By Clifford’s theorem [2, p. 791, both 4” and 
xH decompose into irreducibles as a sum over I,+ and its G-conjugates. The 
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multiplicity with which these G-conjugates occur divides [G : H], as does 
the number of G-conjugates, and so [dH, xH] is odd. Thus [r$, px] is odd 
where p is the character lifted from the regular representation of G/H. Now 
px = C, p( 1). px, the characters p being the irreducible characters of G lif- 
ted from G/H. Since both 4 and x are fixed by r, [4, px] = [c$, ,u’x] = 
[d, &] and so [~,4, (p + j)x] is even. As [d, px] is odd, there exists p such 
that p = ,ii and [$, px] is odd. G/H being a group of odd order, the only 
character p for which p = j is 1,. Therefore x = 4. x is unique. 
Finally we show Q(x) c Q(tiG). Let c E Gal(Q(x, $G)/Q(eG)). Then 
[x, +“I = [x”, $“I. Moreover as x=x’, x0= (x7)“= (x”)‘. So 1’ is an 
irreducible constituent of II/’ fixed by r. 1 is unique in this, so x” = 1. We 
deduce that Q(x) s Q($‘), as required. 
COROLLARY 1. Let G be a finite group. Let Ha G, [G : H] being odd. 
Let II/ E Irr(H) be real. There exists a unique real irreducible constituent of 
tiG, x. Q(x) c QW’). 
Proof: Let r in the preceding theorem be the usual automorphism of 
complex conjugation in Q,/Q. 
At this point we also observe that we can also prove, at no extra cost, a 
slightly stronger version of Theorem 6.30 of [2]. 
COROLLARY 2. Let G be a finite group. Let Ha G, [G : H] = m being 
odd. Let $ E Irr(H) be p-rational for each prime p dividing m. There exists a 
unique irreducible constituent of eG, 2, which is p-rational for each such 
prime. Further Q(x) c Q(eG). 
Proof Let g = s ’ t with (s, t) = 1 and p ( m if and only if p ( t. Then define 
r such that q’ = 4, for q E Q,, q’ = q, for q E Q,. The corollary now follows 
from the above theorem. 
We now proceed to the result described earlier. 
COROLLARY 3. If every simple group of even order has an irreducible 
rational character of odd degree, other than the trivial, then the same is true 
of all groups of even order. 
Proof: We proceed by induction on the order of G, a group of order 2g. 
We make the initial assumption that all simple groups of even order have a 
character of the required type. Our induction hypothesis is that all groups 
of even order less than 2g have an irreducible rational character of odd 
degree, other than the trivial character 1,. Let G be of order 2g. Either G is 
simple, in which case our initial assumption assures us that we have an 
appropriate character for G, or G has a proper normal subgroup H. 
[G : H] could be even or odd. If [G : H] is even then by the induction 
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hypothesis G/H has a non-trivial irreducible rational character which lifts 
to G. If [G : H] is odd, H has even order. By the induction hypothesis 
there is an irreducible rational character, $, of H. By Corollary 1, $” has a 
rational irreducible constituent, x. x( 1 )/$( 1) divides [G : H] and so x( 1) is 
odd, given that $(l) is odd. x is not equal to 1, as then [xH, $1 = 
[lH, $1 #O and so tj= 1,. 
A group of odd order may not have an irreducible rational character 
other than the trivial, It does, however, have characters which are p- 
rational for all primes but one. 
COROLLARY 4. Zf G is solvable group of odd order g and p is a prime 
dividing g, then G has an irreducible character x with Q(x) E Qp and 
(x(l), P)‘l- 
Proof By induction on the order of G as in the previous corollary, but 
using Corollary 2. 
By the theorem of Feit and Thompson all groups of odd order are 
solvable and so Corollary 4 applies to all groups of odd order. 
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